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Abstruct. Hevristics decision-moking iz the path, the shoricut of the human mind in
making an mmmedinte decision on the process of probleme-salving in abstract algeh
proofing. Heuwristics  decision-making ore  clossified o fowr  components, e
represendative,  avadlability, adpustment and anchonmg, Ths stody  comhimed o
quarvitative and qualitative approach. A test was - done twice i onder o measire the five
sape of verification, and questionraires were also used 10 measure heuristics decision
aned were analyzed descriptiively. The nesulis of thas study wene {1 the siudenits baving
represeative  heunsties wene able 1o owrite the werification well; these hoving
ivailahility hewristics were able 10 prove when they were given the sumilar examgple
with the problem: these aving adjustment hewristics werne able o prove with the ideas
med concepis that have been undersiood; ond those hoving anchoring hearistes canmot
comtral the mistakes madde im symbols writing, key deas, steps, conditions of proot] and
reasis supporting theereny; and 120 from the inferview, i1 was revesled that the proof
can be done if there are similar examples and with the help of fends, the students did
mal have o fully beaming independence. the shdenls were less confidence m o makmg
hearristics decision,

1. Intrusduction
The proof i an important tepic i the field of mathematios curriculum and ymportant aspects of
mathermatics competence [1-5]. For smdents, the problem of proof or verification is considered
difficult |81 1o be resolved. Students ore scoustomed fo the inductive problems expenenced m high
schiool, s0 when they become eollege students they are still influenced by the previons customs done
in high schooks. There & a misundersianding arsong undergraduate students in writing mathematical
proof. Stavrou [7] shows that students collectvely make four recurming errors, e the assumptien of
conclusies to prove conclusbens, proving general statements using specific examples, do notb prove
both condimions in biconditsonal statements, and misusing defimtons, The difficulttes in establizhing
mathemsatical verification @aks [8] and witing mathematical prood [2] were also encountercd by
student=

The nathematical prool is an imgsortant topic in te teaching of mathematics, even though students
have grear difficulty in producing prooft [1]. A stedy that hefps the way of learning and understanding
of students in proofing an abstract olgebm done by Findell [9] can be used as an altemotive solation,
In addition, there ame various stages of venfication process which have been mmodweed by somse
expertz, such us Polya | 10] whie proposes four stages of venfication process, Bransford [11] proposes
five stages of verifecation precessthat are abbreviated i the word "IDEALS, Selden &Sebden [5]
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propose tour aspects of woting a prool, and Fukowa-Connelly [13] summarize the aspects of proot-
witting fecim Selden & Selden [3] o which there are five aspects of wiiing proof,

Cither studees which indicated that each teacher has and uses a different way of verification of each
cose [13, 14] can be used s 0oway o help students in understanding and venfying an abstract algebm,
In addition o the varous ways inroduced in the previous smdies in problem-solving, Fukawa-
Connelly [13] developed o sense of prowp und individual responsibility to contribute o the
development of mathematical knowledge that has been known [ 13]. The knowbedge of studers” ability
to write proof i shstroct alpebra s lmited [2]. Abstrct alpebra has a different structure of
venfication analy=s (9],

Decsion-making, in this ease, is defined as a wodency o overcotne the problemms experienced
when there 1= miore than one way for cerain objects that ore constdered 1o mest the mequirements [17]
related 1w the concept requined on problem-solving. The concept of decision-making is also defined by
[15] = n dectsion, and any form of judgment that offects action: muke selection nmong alternatives to
et people w the desired resulis; determine the sanctions be applicd to address a problem; judgment
process as o resull of pssessment; the process of judgmg through the inferpretation or comparisen of
information related 10 an event or o probiem,

Hewristics decision-raking in this study is the path or shortewt of oswr mind [ [5]. For example, if
vou undd the people sround you abwoys have fast fosd, then your level for making decisions about fast
food i high [15]. This hewristies decision mevely refers o thinking [ 15]. Heuristics decisiens refer to
the thinkmg of objects that are similar o each wher or bave similar chameteristics (18], Thus, the
heuristics in this sudy B the path of the humsn mind 0 make quick decisions, and has a margin of
error and ulso comeciness at the same wme [18] n problem sofving, especially in the process of
venfying the ahstract algebm of students m Mathematics Education Departmendt.,

This study explaing the problem-selving abiliy and hewristics decision making of students in
Mathematics Education Deparimentin venifving the abstroct algebra with five aspects of Fukawn-
Connelly [13] proof writing which iz studied through four tvpes of hewrsiics decisions.

This stusdy explains the problem-solang uhility on the absitoct algebra’s proving with S-aspect of
Fukswa-Connelly's proot-writing. It reviews through 4 kinds of heunstics decsions,

2, Muthods

This study used the combination of quolative and quantitative approach. The quantitative design was
using ANMONVA test, whibe the qualitative design was using a Case Study Desion [ 16] [n this stwdy, the
researcher wsod o case study mming at the intensive study of decision makmg at the five stages of an
aspect of wiiting proof on absiract algcbia.

The data coflecteon fechnigue m thes study was done through: 1) written test, b provide answers 1o
solve the problem of prool with 5 aspects of the writing proof which was given 16 the subjects twice in
twn wecks: 2 questionnaires, which were sed 1o record hewristics decision-making data conducted in
solving the problem of proof. 3 Inferveew, which was conducted to three students. They were
randenly inmerviewed from the second stage of dee job description of the swdens with the fellowing
criteria, such as who does not write much in five aspects tuken: who wrote the first, second and third
aspectss whd wiode dovwn alll of the aspects.

Since there were two kinds of dita, e, quantitetive data and qualitatroe date, the data analysis were
alss diffferent. The quantitative data were amalyzed by using ANOYA, whibe the gualitative data were
analveed descriptively.

The roke of the researcher in qualiabive research serves as a key instrument in the interview duta
and fills the questiormaire of heunstes decision-making and in analyvring e measurement of the five
aspects of the writing of the proof.

Abstract algebra was chosen as the mathematical content oF this research bocause it is an inpertant
matertal i the curmculum of Undergraduate Program in Mathermatics Education Deparment. Thos,
ihe mespondents of this stky were the student of the sixih semester of Mathematics Education
Department of [KIP PGR] Bojonegoro who had already iaken Abstract Algebea Course | and ane
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taking Abstroct Algebra Course 2. The number of respondents who were tested was 31 from 42
registered students,

3. Results and Discussion
3§ Resuls
The result of quantiative dato anolvses viekded from the test which was used 1o test the difference of
four types of heoristics decision-rmaking on problem-soelving abilities with ANOWVA west by using
SPSS is value of stig = 0K g smuller than the level = .05, then Hy & rejected which means H, i3
accepted, So, there 15 o difference m protlem-sslving of the four types of heunstics decision on
absract alzebra proof

Furtharmore, the SPPS owtput results were analyeed to know which type of heuristics decisions is
the best and the worst. The result is presented in table [ below.

ok Confedence Interval for
Sud, S, Tlenn

N Mean bin  blax
Deviation  Ermor

o o _ Lower Bound  UpperBound
Representativ 30 AT 06M [ 185298 2 16405 43 2740 A2 1260 OO Hb.00
@
Availability Ml 39 EIY 1505457 2.THEH3 21745 4544920 1100 63,00
Addjustment A0 Qb ey 1409703 259203 A50RRY 457003 18,00 6300
Anchoring 0 248333 Baad4naT  LETEAT 20.04r01 2RAET76 11.00 &.00
Toaal 120 3R.E9LT 1507254 137593 154672 400G aE T1.00 6600

From tubie | above, ot con be seen that from the four tvpes of houristics decisions, the mean value of
Representative is 47.70, followed by Adjustment, Avaitability, and Anchonng. Forr this resale, it can
b inferred that the decision makmg thit mestly the students do s represeative which means ihat the
students are able w show the process of analysing the chobces when making decisions well, through
evitlonting the advamapes and deadvantages of the chokes, and make o very remarkable decisions, m
the end, focusing on special quolitics by ignoning statistical informotion related 10 dlements of a
category and for bighlighting similaritics over other types.

The lewest tvpe of decision 15 Anchoring hewrestics, It mepns that the students have fewer desines in
accordance with any references and reluctant e book For other references so that the smdents are
immedinely satistied with any decision that has boen made, This reveats that the students are in doubt
o make a decigionfor an assessment by looking for a reference or megeted-problem faced withowt
conskbering any information.

In this study, the verification process used {ive sspects of proof proposed by Selden & Sckden [ 5)
which are summarized by Fukawa-Connelly [13 Jas Gl lows,

1) The Hierurchicul Structure

2 The Consruction Path

3) The Proof Framwwork

4y The fermal-rhetorcal part of a prool
51 The Probtem-Centred Part of the Proof

The resubts of the dota distnbuiion of the students” answers on five aspects of the writing of proof
frorn fvur absiract algebra questions in the first fest are presentod shown in Table 2,
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Tuble 2. The dute distribution of five aspects of writmg proof on abstroct algebm from the first test

Mo The Five Aspects Ouestions:
" of Writing Proof 1 2 3 4
1. The Hierarchical 5] S:a Fl-|_| 5]] Eu 5_1 Sli R“ 5]] 5.] Sj S-:.:. 5]1 EIJ E.; 5-:-_:.
Srucure Bap Bar By By Bap B By S B4 By B
B
2T 0% 17% 2
2. The Comstruction 5, 82 54 552 52 8y 8505858 5085 5y B B s
Path 526 Sp B Bl S BBy BB Bn Bp S8y
SuSm Sap B
R o 3 @ 2%
3. The Proot S5 BrSnSnis 5555 5|:. S By Sz Bis Sy Bya
Framework S Bar Ban 5o By 54501 B2 50 Su 51180 5w S S
Syr Sgu Sae B Big Sis8z 8y By SpBy 8y 5555w
Sap 53: Sy S:rr Su 5'_-::
- 5% S S 7%
4. The Farmal- Els'is.‘ls-lls‘lls‘l:l Els:l.s-lsl.tsn 552848 85, =
Ehetonical partof  Bys Sep Sy S By Sip Sy Sy Bay By S1y S S
i prood By By Sy Sy 8m  SpSuSnSn  SuSy Snfs
B Sy Sm
kY 1 | L ] 410 %%
5. The Problem- SR S Ess B 5n 5 B BaEiss 5 B Ba S K
Centred pari of BB S S8 S5 550 S 5.5 85, 5i
the proof Bia S8y BBy B BisSm By Su 85 S B
Bra S By Sl By SuBuSy  5u 5 55w
Su S MlSaSy o SuSn
T6% 3% TO% 10

From the table 2 above, it is revealed that from 30 smdents, two students obtained the lowesdt score,
hey were 5, and S, From the four gquestions, it 15 seen that question 4 was the question in which
most students are not able to answer well. It can be seen that it is only 3% of sudents whe could
answer question 4 well, The Question 1 was inswered by 76% of the snrlem= which means that the
students’ answers were anabyzed based on the five aspects of proof [3]. From the disiribution of
answers to question 1 2, and 3 aboveit shows that the students wnd to answer divectly 1o the fifih
aspest rather than the firt pspect, The studentshave less ability to write good proof m the first and
second aspects. The shdents generally like to write the aspect of direct peood based on what svill be
proofed without considering their previeus knowledge (schemata),

I the first cest resubis, studenis tend to provide solutions to proof than o wite the prool on the
third, fourth and fifth aspect= So ofter the students were given the test in the second time, it was

obiained the following resulis prescaied i table 3.
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Tuble 3, The dota distribution of five sspects of writing proef en abstroct olgebra from the second test

The Five Cluestions
Mo, Aspects af 2 3 4
Writing
Proof ) i _

L The 5555585, hER5555 555555 555555,
Higrurchical 512 5 _st[I _Sfl: g'_li_sl_:l _5_14 5:.1 Sin Bz By By By Byr Spx By Spa Bie
Structure S BaBs8n BuSuSmSnSy  5ieSuSw 3w Sy S Se Sw Sy Ss

B11 By Sd B Boa By Sap S Baw 5 50 5us S S Hae 8 Sai S S
Sui Bar 8a 8 825 S Bae Sae Sae 8

S

Tih%% Th%, Te%% Tials

2. The 508 Ba8:5:8,, § 5 5555, 8555 5%8; 555558)
Construciion Byx By S‘H SI'\- Sy By By Bk S‘I.! i B B i By E‘H S‘I'\- Bie
Path 5 82580 55 5 B 5y By eSS S By S B 58y 5

Koy Bog By Bas Sos Sor B B0 B Bo3 S S Son Sar 0 S Sos S Sar S
81 Brr B Ba BBy B e B Sap S

S‘:il

Tl Ty 0 % Tl

i. The Proaf S5 S 8 55555580 580 S5 S 51551 5 5x

Framework B 8 Sie Bi-5 8, 5558, 81788 8y Bos 53 S
Sy Bap Fay B E':l.'l S‘L! sﬁ 5.21
Sy 8
.1 53% 5% i}

4. The S 5u SuSn 515 55 530 515 55 80 Su 54 S S
Formal Six Bia Bys B B Bz By 81 3y
Rhetarical Saw B3 8oy S S Sar S Doy
part of 4 12% Sl 43% 12%
proof

J. The Bi3 Sow 5 B Sy B Soe S
Problem-

Centred part 5% 5% 5% i
of the proof

From the five aspects of preof on the second test, the resulis show thatthe profile of the students’

problem-selving abelity in-abstract algebra venfication & desenbed 1o the following distributon; the
students” capability b verify until step 2 was 76%, 23% of them were oble o verify until the step 3,
12% of them were able 1o verfy until the step 4, and only 3% of them were able w verify uniil the siep
5. In this seconad test, the students had shown sgnificant changes at cach stage of wnting proof. Thene
is an iprovement compared o the first test. Yet, in the third, the fourth, and fifih stage there is a
decling,

For the second test, there is a different distnbution compared o the first one. This means that the
focus of the students cannot spread evenly in every aspect of the wrtimg of the proef. However, if exch
student e unalysed, it con be seen that 8; 5; 5 5. and S:luve a consistent answer by writing the
aspect of proofl beth on the questions in the fast stage and i the final stage. Amd those five stadents
are always able to write the first, second, third, fourth, and fifth sspects of wnbing proot.

Furthemmose, the pesult of the imerview is as follows.

Student 1: The results of interviews on the ficst eriterion showed that the student lackesd the focus that
apread io the five aspects bocause the smdent nuainly focused on the guestions. The smdent is confused
and dows not understand whot 15 being asked of each sspect. Dealing with the heursstics desision mods
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by the student, it is cleardy seen thut the student was only able to write withewt thmking about the
questica. He was nod alde o connect between the mstructssn ea the aspect of writing the proof and the
problerm to be proven. The student does not understand what is known and which will be proven. The
student does not wnderstand direct ond medirect proot. The student often wles on onswers from other
fricnds rather than sceing examples. This pype of student @5 classificd a5 a sdent who does not have
high lepming independence.

Srudent 2: The swident understands both the instruction from each aspect and the mstuction of the
questions, but the student was not able to link each component. The student understands the concep
ihat will ke proved ond the known concepts as well as the supporting concepts or reloted concepts bal
was wot able w describe the fowrth and fifth aspects. In fact, if te resulis of the first test were choecked,
the stadent wos able o wnite up to the fourth and the fifth aspect, This was because the student minnly
focused on what will be proved withowt considering the sitation of the first aspect. The student does
not have confidence in the answer: he sfill depends on examples of answers that ore similar and snll
depends on the answers of other fricnds.

Student 3: The answer categones of student who was interviewed show that the student was able o
ihink trom the varieus instroctions in each question and from each aspect ss well as o good
wnderstanding and mastery of concepts on absract algebra. Thus, the stwderm of thiz group has an
umnderstanding both o analviienl ond svnthetscal fevel well, Dealing with the heunstics decision-
making questsennaire, this student has a goad ahilicy in representation skl and a good self-confidence
by decidhng the problem alone without helping from others. The student demonsimted ther
independence in making decizions on the selected proof from the various basic expericnces.

A2 [Mscussion

Fukawa-Connellv [ 13] asserts that writing proof ;m mathematics is important, And writing the proof
respureshigh-order thinkmg skills accordmg 1o the students™ age | 20] in which it & in the stage of
forrmal thinking. Vanous factors influence the high-order thinking. one of them s that things which
could inhibit lenrnmg the “proot” ore the belef that mothematicol proof 15 a sequence of a siep
forward, deductive, svstematic and logicnl that &= formulated i formal mathematical lngusge [1],
Another factor 15 the students do oot undersiand the problems faced: this also affects why heuristics
decisiors in the proof are not done well i the form of representutive, avoilohality, adjustment, and
anchoring. A comprehension is an essential requirerment for students to determine the first step m the
five aspects of what prosds ure known and which ones will be proved,

In a proof, a good example helps students 1o make a proof correctly. The examples that have easy-
to-umdersiand solution steps and the final selution which & written in detail accompanicd by the
reasons moy help the students to start expenmenting with the same problem. deally, a selution of
mathematical proofing prooess that doees not reflect the real solution process will lead the student 1o
perform enly the final product of ithe venfication process, Thus, using conventional examples witl
reinforce dysfunctional student™s beliefs that preofs a divcct deductive activity [1]. By using avaikable
expmples will make o form of mvailability that students con use to take heuristics decisions on proving
solutsens. In addinon, the examples available in the source ook or given by the lecturers in writing
different proof will also help the studeris [ 14].

3 Conclusions

The students having representative heunstics were able 10 write the venfication well. those having
availabiliy heuristics weng able to prove when they were given the similar exangple with the probBem;
those having adpustment heunstics wer able 1o prove with the ideas ond concepts that have been
understond; and those having anchoring heuristics canned contral the mistakes made in symbols
writing, kev ideas, steps, cohditions of proof, and reasons supporting theorem. From the interview, il
was revenled that the proot can be done if there are similor exomples and with the help of friends, the
students did ned have a fully leaming independence, the snedents were less confidence in making
heunistics decision,
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