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Abstract: This study was 1o suppon the understonding of the sel strocture, binory opemations, and their
properiies as o prerequisite of group theory moterial cabegorized as 9 structure senses. This study
amed at investigating the peocess of swdems’ siuciire sense in recognizing the  srocture - of
miathematical propemies or objects as a prefeguisde of group theory matereal. A task-based cose study
by exploring 9 categories of swuciure senses through theee inegrated process frameworks in the
questionngive wis ermploved mothis stady. U involved 26 sodents who had obained a prerequisite of
proup theory material and woulkl take abstract nlgebra course. The choice of subjects was determined

based on the results of the questionnoire, in which it identifies the type of structune sense processes




There were 6 oul of 26 subjecs wene chosen, The 6 subjects consisted of 2 subjects from the s path
process, 2 subjects from the second path process, and 2 subgects from the third path process. Then, the
& subjects were interviewed. The cheaice of 2 subjects for each path process wis becmse it vsed o fixed
companson thesry, Then, the da were validsied by using tmangubation methods by comparmg the
students” work on assignments nd gquestionoaires as well as audio recordings of mterviews, The
resufts show the tendency of the process of structure sense was more dominated by swudents from the
second ype of path process. in which the subgects sill depend oo the well-kbown structure - of the
popenies of mathematical objects ko the form of sample guestions. The subjects wene unable

understand definitions o order toconstroct sruciures of properties or nathe matieal objects.
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Introduction

A severe problem of mathematics sducation, according to Dubinsky et al. {1994), deals with
ahstract algebra specifically about group theory., The difficulty of students in abstract algebra
or algebraic. structure is partly due to the lsck of understanding of structursl concepts in
anthmetic (Linchewski & Livoeh. 1Y% Hoch & Dreyfus, 2004; van-der Klis, 2007y The
cause of this difficulty is due to cognitive bamers related fo the students’ mability o
recognize and feel the structute of mathematical properties or objects {Linchevski & Livnch,

1999 Hoch & Dreyios, 2004; Movomna e af, 2006, Octac 200 6; Jupri & Sispayvati. 20171,

Structural understanding is - closely relsted to structural awareness. Structural awareness
supports a significant shift between arithmetic and algebraic thinking (Mason. Stephens &
Watson, 2004). This structural awareness becomes an essentizl part of abstract algebea
teaching and leaming. According to Papic (in Mason et al.. 308, p. 13}, structumal awarencss
thist 15 raized can encourage students 10 become aware of epetition and growth & structures

thirt ean then be wsed woextend the seguence,
Structural swarencss supports the growth of the ability of structure senses. The ability of
structure senses is an imtuitive ability to symbolic expressions. including skills to interpret.

manipulste, manage, and perform symbols in different roles. and is considered the key to




success in leaming algebra {Jupri & Sispiyati, 2007). Whereas Sugilar et al. (201%) define
structure sense as the sensitivity of mathematical structures. Sensitivity to stractures. (structure
senses) affects students’ algebraic thinking abilitics (Apsari, 2005) and help understand well

the operation or nature of algebra (Sugilar et al.. 2019).

Students are said to be ahle o demonstrate the ability of algebraic structure senses in
secondary schoods if they can: (1) recognize well-known stroctures in the simplest form, (2)
handle compound terms as a single entity and through appropriate substitution recognize the
well-known structures in more complicated  structures, and {3) able o manipulate: the
structurcs correctly (Hoch & Dreyfus, 206} Furthermore, it is also said that structure sense

i% 4 continuation of number sense and svimbol sense (Novousd & Hoch, J00E),

The inability to recoznize the structure of the set elements 15 because the structure of the s
clements is not in the form of numbers. 5o it 15 difficult o do numerically and the structure
cannot be Felt (Junarti et al., 2019}, The sct elements, binary operations, and their propertics
become a fundamental part of stirting learning absieact algebrn, When studemis have nat baen
able o recopnize the structures contained in a set, untl they can recognize their elements 1o
be manipulared in binary opeeations; even if they are standard binary operations, they will
have difficuley determuming the results of their operatons, Therefore. students mist be able o
recognize the simplest foom of set elements, as well as compound terms in the set as-a singhe
entity of the ser element sefected 10 be able 10 sebstitute precisely the form of a well-known

binary operating structure in & comples form and be able to manipulate it as well a5 possible.

The introduction of the structere sense above will continue to the introduction of algebrc
structures af the university, Algebea &t umiversity s like in abstract algebra courses, for
example, in proup theary material, The prevequisites of group theory matersl are the
understanding of standard binary operations, non-standard binary operations. and binary

operations defined in the Cayley's table that are applied to a set. Furthermore, students must




be ahle to recognize the similarities and differences in hinary operations presented in the form
of formulas or tables. be able 10 understand the definition of identity elements, be able to link
identity elements to determing inverse elements, be able to associate commutative propertics
in showing associative, ddentity, inverse characteristics. and 0 maintain the order both its
guality and quantity, as well as being able 1o spontanecusly mention the element of identity,
This ability has been developed by Hoch & Dreeyius (2004), Novotng er ol (2006; 2008, and
Simpson and Sthelikowd (2006 in studving algebra ot umiversities, Oktae (200163 also added
that there are difficulties of students in making strectecal shifts that occur spontaneatsly,
therefore there 15 a meed of appropnate learming strategies o help students understanding

Abstract Algebra,

1]
The terim “structure” is widely used and mast people think that they do not need 1o explain

whar it means | Movotnd & Hoch, 2008), However, Jumarti et al, (2019 explain the nesd w
feal the existence of a structure that s used in any refated strectural changes such as the
relationship between elements of the et or from the process of abstraction in understanding
between concepts. The related strscture, for example. between two elements af the set chosen,
when going to carry out certain binary operations. then what will be considered in the process
of abstracting an approprate definition in order to be able to link the two elements of the set.
students are still overshadowed by numerical forms or similar examples. The process
illustrates &n error in the process of abstraction or an emor in extracting an example in
operating two clements numencally. This event shows that there are still obstacles i
absieacting definitions o exiracting well-known examples imto the structure of newly

recognized mathematical objects,

Oktac {2016} and Novotnd et al. {2006) asserted that at the university level, especially in the
case of binary operations in absimct sfgebra, there ane two stages for the development of

structure sense based on the two steps identified by Simpson and Sthelikova (2006) which




include structure sense in the elements of the set and the ides of hinary operations

{abbreviated as S3E) and structure sense in hinary operating propertics (abbrevinted as S5F).

A stidy conducted by Stehlikova (eited in Novatna elal, 2006, p, 235, sbout the arrangemen
of mathematical knowledge in advanced mathematics. describes 8 student who knows 2
specific arithmetic structune a5 a development process from the dependence of new stroctures
on ordinary nnthmetic until independence anses gradually. The stages formed in recognizing
the structure sense depend on the students” previously well-known ability. The stages of each
individual in the process of understanding are different. as expluined by Movotna et al. (2006},

There are at least theee paths o understand the structure as follows,
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The first two - paths -represent the abstraction of the specific propenties of one or more
mathematical objects 10 form the basis of the definition of 4 new abstract mathematical obiject
{Novornd et al,, 20003, Then Oktac {20160 explains that, like the fest line, it i exiracted from
well-known structures toomake basie resolutions fram which abstract Concepts are bailt i
general context. The second path shows the extraction properties from well-known structures
o & generalization and then 1o a definition. The thind is following the concept of construction
through logical deduction from its definition (Harel & Tall, 1989, cited in Movoing et al.,

2006, p. 255),

In & well-known structure, illusteated as conventional examples, it vsually refers 1o the

opinions of mathematicians and the mathematical community which are part of the




curriculum or are local comtent of the teacher's attention to facilitate students ((htac, 201 6).
The examples of o well-well-known structure of mathematical propertics or ohjects given ane
the student’s capital to recognize the structure of new mathematical propentics or ohjects in
sets, binary operations, snd their properties. The process of recognizing structure senses

related 1o sets, binary operations, and their properties is the focus of this stedy,

From the elaboration above. the purpose of this study wis to investigate the process of
students’ structunz sense in recognizing the structure of muthematical propertics or objects s
4 prereguisite of group theory material by adapting the three poths o understanding the
structure of Movidna ot al, (2006}, This study was a pre-rescarch to recogniee the structure
=ense a8 @ prérequisite of group theory material aboat the set. binary operations, and their

properiies,
Methodologey
Researoh ool

This study aimed & investigating the process of students” structure sense in recognizing the

strocture of mathematical properties of objects as o prevequisite of geoup theory material.
Sammple and Dafa Calleciion

The design of this study is & tusk-based case study in an exploratory form. The three paths of
the process of structure sense from 26 students were explored based on 9 categonies of
structure sense, which fulfilled the prerequisite of group theory material. The nine categories
af structure sense omnsist of 4 strocture senses in the set clements and the idea of binary
operations { S5E} and 5 structure senses in binary opersting properties (5P {Simpson and
Sthelikowd, 2006, The resulis of the 26 students” assignments have been classified into 4 358

and 5 55P. Meanwhile, (o investigate the process of structune sense was done through




questionnaire which explores the type of path (path) {Novotna et al., 2006) of students when

doing assignments dunng three meetings.

The subjects m this sdy were siudents who would ke absiract algebra course, The research
subjects wene chosen because they have passed the prerequisite courses of abstract algebra
and are sssumed o be able to understand the set concepts, binary operations, and their

properties.,

Adter all subjects were given assignments and guestionnaines, the resulis of assignments and
guestionnaire were clissified basad on three framewaorks of the three types of paths, There
were 2 students from each path. The subjects representing each path wens chosen by using a
fixed comparison (Creswell, 2007}, with the consideration that the nominal number of choices
on the path was the most, or at least; the same or ciose o the same categary., If there is no
same catcgory. then the minimum nominal number of paths is close w0 the same. Next, o
investigate the process of stricture sense, in-depth interviews were conducted with the &
subjects. All selected sobjects were interviewed and the resulis of the interview were

displayed as interview passipes 1o verily research data,

Classification of process structure senses with three frameworks based on the three types of

paths is presented in toble 1 as follows.

Tabde 1, The Classifcation of Straciuse Sense Process o Three Paths

Type of | Path The Drescriptiom of Inclicator (adapied from NMosotms et. al. in
Paah Oelag, MHd, p 510
Paith-1 Vi——— ——% D Stidens con extract strochures of well-knivwn mathematical
VB properies or objects o shdract definilions in consdmchng
] i1 1
Abstraction newuntamiliar mathematical soociores or ohjecis
Consimetion
Path-l | VA% ——=VE | Sudets can extroct the structure of well-known propertics ar
] mathematica]l  ohpocts through amadsgy 00 oonstruct
Kk newunfomiliar mathematical properics or oopeos, then they
A ey will be shle 1o absiract definitions
Absiraction

Path-3 | D———* VA VB | Studems can consiruct soucrres of well-known and unwell-
kmown mathematical properies or obpecs theough lopical

Consmicrion




Type of

Paah

The Desenpiion of Indicater (adopted From Novomna et al. in

Octac, 2006, p. 311

dedaction from defindtions well-kKnown by stodents

The investgation of the process of stiyemere sense e the set, binary operations, and ther

properties was done throwgh the assignments given 1o the students, Each of the 9 categories of

structure sense was described and the indicarors were formulated, The formulation of

indicators. includes 3 tvpes of task problem charactenstics. The characteristc of the first

problem i 0 b= the set written in the form of membership conditions such as ™G = {x | x =

av'h, u is integer and b is natural number} in additionoperation.” The second characteristic of

the problem @5 0 use a sel of numbers with non-standard binary operations such as “x @y =

ox — 6Yy7. The thicd characteriste of the peoblem s toowse fimite sers in which its elements

comsist of symbols such as N X, ¥, X¥]" with binary operations presented in the Cayley tble

{Movotna. Stehlikova, & Hoch, 20061, The form of the task is a strctured essay. The

questions of the first, second. and third assignment are presented in the following table.

Tahle 2. The Presentation of Tasks

Charactenslics
of Task

Task |

Task 2

Task 3

Let B = fu | % isnatural
members = 15] im additon
operation. Prove whether il
mieels e malure of closed,

gasoviative, idennity, and

imverse!

G = {x|%=avhais
Imteger andd b is nobural
manmnbeer b with addition
operations. Prove whether
It mees clised,
assrhiative, idenbity., and
inverse!

Lt f be the st of rutiemal
mimbsers, anid sappese thil

G=[a+hyEjahe
O} Prove whether il mesis
clased; associative.,
idenbity. and inverse!

Consider ahe 21 of inbegers
T Defined:aB b = a +
b+ 2 Toreachab € E.
Shew that (2, @ meets the
e o commiiative,
s iative, idenbity., and
inverse!

IE(EAR) day=x+
¥ = 4. Shwrw that (. i
maseds the nntire of
commuiiilive, assoctibye,
idenainy, mnd inverse!

IT B is o serof feal pmberns
with{BE)Fx@y=
S — fy. Show that (2, &
s the pature of Closed,
associative. identity, aml
inverse !




The

of Task

Characterislics

Task | Task 2 | Tosk 3

[

The 'mll-tmﬂinnr:, The well-known binary The well-known binary
operations = ore defined 45 | opermtions "4 are defined | operaticns**7 are defined

Tollows: ﬁ fallowes: in ﬂ?ﬁl“ulﬂﬂ[{ tahle;

o T . T - Al e |4 |b| & = XA ¥F |

B|a|B|E e |e|al[b]e] N |H|X|¥ | %Y

B(BK|E|a B(E (B [E|E| XX |H (X¥| ¥

AR N ] B |B | 8|8 |B| Y[ N [HY N | X

Show thal H = f{a,b, ¢} of glele| & E] WY | XN

the*=" g iain meeee the .

nummp:::“m:: clised Show that P = [e,a.b,1] Show that K =

assaciative, identity ﬂlﬂli ol the “&7 speration mects (M X Y XYY of the “**~

S the rature of the closed, | operation meets the natune

’ associative, identity ., and af the closed, associative,

inverse! identity, aml inverse!

Another instrument wsed i this stedy  was  Quesionnaire,

guestions/statements of responses about the process experienced when students worked on an

integrated task item which were designed by integrating the % categonies of structure senses.
There wene three options of answers of the questionnaire which represented the three paths s
in tahle |. The three types of paths are described by adapting the Movotna's deseription (in
Octae. MG, p: 311) and the content was validated by 2 experts. The nine structure sense

categorics  for prerequisite of group theory materiol were adapted from - Simpson and

Sthelikowd {2008}, which are presented in fable 3 below,

Tuble 3. The Detecriptions of nine struciure sense categones lor prenegusile of group theory material

It wos: comsisted of 21

Catepory Diescription
iﬂ-l Recognise o hinary apenibion in well-knoown struciuses
(BSE-1 | Seeclemens of the set as objects 1o be munipulated | understund the clowire propenty,
S8E-} | Recopnize a bitary operation in non-familio” strugtures
S5E-4 | Seesimilarives and differences of the forms of defining the operations (formmlo. toble.
ather
%  Undlerstond LD in tems of its definition (aharactly),
B5P-3 | Beeihe relationship between 1D and IN: (D — [N
S55P-3 Lse ane praperty for another: © — I, C — [N, T — A
55P4 | Keepihe guality and anfer of guantifiers
S5P-5 | Apply the knowledge of 1D and IN spontanesusly

Moie: Abbreviatiens [0, TN, CoA s for identity, inverse, commuiative properiy, associative propeny,
[Simpeon & Sthelikaoyvd, 20HG)




Analvzing of Daia

The technique of datn analysis in this research is specifically presented in the following

flowchart,

Aasigmement | gl (uestiopsairs Iniensen The validsied duts

Figuse 1. Data Anolysis Flowchan
To walidate the data. a trinngulation technigue was done by comparing the mesolts of the
assignment and the results of the questionnaire from the suhjects: Then the results were used
a5 4 basis for the interview. The interview was recorded with audio recording instrument. The
interviews were used (o determine the extent to which the stages of work on the task that has
been integrated into the guestionnaire related o the path used when understanding the

structure they are experiencing,

All of the dats were reduced through selecting, focusing, and classifying similar dats into 9
categories of structure sense and three process pathways used by the subjects. Furthermore,
the dats were simplified and the unnecessary parts were discarded. Then, the daa werns
described and presented, At last, the research findings were venified and the conclusions wene

rmiade,
[11)
Findings / Resulis

The results of this stwdy are presented in twa parts, The first part, rable 4, presents the resulis
of the questionnaire from esch student. The second part, fable 3. &5 shout the exposure of 9
categories of structure sense and the type of problem. [t presents the results of the process of

searching structure sense done by the & subjects representing three paths.

1. The Chveral! Research Dara Presentation




The following table presents the results of the questionnaire from each stodent. It deals with

the type of paths chosen by the students in structure sense.

Tuhle 4. The Distribaticn of the Paths Chasen by Siudenis based on Clusslonmnire
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ETTETHY Srmiiads Hadiids Ekal L iy i akalniis
b b rh wha mroip b il mha mha L] et ey ha bl
rhene rimmr iw ik maj LLEd o rhamg inibr (R
Fmib - Fuib-3 (] bk - Paik -] Faih -T Fah.-% L ELE L
calids sl
3 ]
e e | Sy A St e e
Ik L] [ X Ei 3 ¥ T a
5] [ i ] ] 4 [ ] T ]
I I R I ] L I | B i -
5 £ iis i E18 1 kS ] . 1
- 1 i 14 (18 k : 1]
] 1 1] a 5 b | 14 E:
-1 ] [] (X1 K i T [}
! I bl x| T k 11
- | 4 N T 4 T AE 2 1 L1 L]
4L ] ] [ 1 B L [11]
-2 4 - L] 12 L - 4 [
Tl 1 [ i) i 0] LT 0] Al 7] ] Tl
M
" Tl [ e T e i Trad
P s
L1138

From the Tible 4 above. it was found that the dominant path chosen by students was path-2,

which is about 23%. 45 of siudents chose Path-1, and %% of students chose Path-2, While the

other 645 consists of 35% writing the reason that the steps camed out always repeat the

exaumples in the book repentedly m be able 1o do the work of the assignment; and 29% did not

write their chosces, Path-2 shows the ability of subjects to extract the well-known structume of

properties or mathematical ohjects through analogy to be able o construct structures thiat ane

not well-known yet, and then they will be able 1o abstract definitions.,

The next result of this study is about the three paths which were chosen from each category of

strocture sense and corresponding 1ask questions. 11 s presented in this table 3 below,

Tuble 5. The Distributicn of Path Choices in Terms of © Culegeries off Struciune Sense

i the Types of Task Questions
The Typeal Promsber Pomebgy | Npmdwr AHbre The Tpe wl Tonmm byt hlillag Pem by Db
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The table 5 above shows the choice of the path from each of the Y categories of structurne
sense and type of task guestions. Froon the table 5. it can be seen that there &5 o tendency for
subjects to recognize S5E-1, 85E-2, 85E-4 using paths that are spread over 3 types of paths
but are still dominated by path-2. Meamwhile, 1o recognize S5E-3 . the students chose 2 types
of paths, and path-2 is still widely chosen by students. Whereas. in recognizing S5P-1. 85P-4,
andd S5P-3, the stedents chose 3 types of paths, bat s6ll dominated by path-2, To recognize
S3P-2 andd S5P-3. the students used two paths that are spread into 2 types of paths i.e.. path-2

and path-3, and path-2 is sl dominating.

From the point of view of the type of task problem chamactenstics. the second type of
problem. which is about recognizing non-standard binary operstions; there is o tendency that
the subjects were unfamiliar with them, Thus, the introducton of S5P-1, 85P-2, mul S85P-3 is
more likely o wse path-2. Forther, from the mable 3, 0t is proven that there is ne one chose
path-1 for SS8P-1. S5SP-2, and S85P-3. This is because the subjects do not recognize the
structure of the nature af the identity element, the inverse element, or link the comimutative

nature to the proof of the element of identityinverse.

The answers of questionnaire from b swdents which were identified from the tvpe of path

chosen in the category of structure sense. and their tvpes of problems are presented in able 6

below,

Tahle 6. Subpect Indtials amd Strocture Understancing Pathes

Mo, | et Thi Pail ol W Cpegories ol Biruciere Sense
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LR Sabject | The Paik ol F Cadeggod s al Sruclesre Seivee
Initials Sruciere
Ul b ot iy
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[ =4 | Paili- ¥ SSE-2 51 SSE-HI0, S55P-1 L), SSP-20L S5E- 1), 55P-301 ), 5594 |1, 559-40T),
b et | e e B e

Mg 55E-1 (11 und =0 on explains the subjects” chowoe af path-1 for ststements categonzed as 55E-1
for the fire tvpe prablem

The KN and DA subjects had the same answer, choosing path-1 only .on 4 questionnaine
statements related to the categories of SSE-101), SSE-2(1), SSE-2(2). 88E-2(3), while for

ather statements they chase aption (d},

The 15 subject chose path-2 for 13 questionnaine statements related to the categories of S5E-
e
I(I). SSE-2 {2). 85P-1{1), §8P-2(2), §SP-3(1), S5P-3(2), S5P-X1), 55P-4{1), S5P-42),

SSP-4(3), 85P-5(1). 85P-5(2), 38P-5(3). and for other statements. 18 chose option (d).
A

The: DX subject chose path-2 for 14 guestionnaire stastements related to the categories of S5E-
A
i1}, 55-2(2). SSE-2{3).55E-3{2), S5E-4 (3], 55P-1{1), 55P-142), 55P-2{1), 85P-2( 2}, 85P-

Zi2), SEP-301). S5P-302), 55P-4(1), 55P-5{1), and for other stutements, DN chose option {d).

The 5E subject chose path-3 for 10 gquesticnnaire statements categorized as; SSE-1013.55E-
IH.L SSE-203), S5E-3(3). 85P-2(3), 88P-3 | ). 55P-3i3}, 35P-4{1), S5P-5(1}. and for ather
statements, SE chose option (d). The SE subject also showed other choices in path-1 for 2
statements m the cotegory of S5E-202) and 35P-1(3) and chose path-2 for 2 stalements in the
category of S5E-3(2) and S5E-4(3). The SN subject chose path-3 for 10 guestionnaine
statements related to the calegorics of SSE-2(3), SSE-4(3), $SP-1i1). S5P-2(1), 88P-3(1) ,
S5P-3{3), S5P-4(1}. S8P-42), S5P-5(1}. S5P-5(2), S5P-5(3). chosc path-2 for 10 statements,

path-1 for one statement, and for other statements M chose option (d).

2. The Preseniation of the process of strpciure sense fove vigation of eqach paih

a, The investigation of Structere Sense Process with Pah- !




The subjects who psed path-1. their answers of the questionnaire and the work assignments
were i line. The chamctenstic of the fint guestion is described as follows. This is the

screenshot of the RN and DA s answer of the questionnaine:

1 %ava marrpa mencdeskTipedkan srnskter ele LT b k wrrukrnr
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Figune 2. The screenshot of BN and DA s angwer of the guestionnaine
Quesion; I am able vo deseribe the straetire of sed element In the form of @ well-knowa
struciwre. beeaurse | ihink that ...

BN and DA chose Path- 1 1o describe the strocture of the set elements in the form of a well-
known structore becanse they cam extract the well-known strecture of the set of real numbers
to absteact the delmition of the set of real numbers in constructing the well-known structure of
the set elements. Thus. the sobjects were able w0 work on assignments that hed the some
charscteristics as the questionnaire statement. The fiollowings are the screenshots of the work

assignments by RN subject compared to the DA s,
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Figare 3. The Screenshog af BN subjecl's answer Figure 4_ The Screenshat of DA subject's answer
From figure 3 above, BRN"S answer shows that the selected element is suitable with the well-
known set that is the set of Real numbers, IF it is clarified with the answer of the guestionnaine
by choosing path-1, it shows that when determining the set of elements selected, BN =till
relies on well-known examples, 50 that RN can’ abstract the definition of the set of Real

numbers. The following is excerpt ol interview with RM:

[ Wy did you cheose Path-1 wihen vou wan wonecognize the siruciure of a serof real nambser?
KM : Because 1 have alnmady well-knawn the sel.

[ W hat di v know from the Torm of the sel?

RN 2t is the common set of real numbers, ma'om. Soe 1 ommediagely uncerdood the defimition of

thiz s




R T you umiderstand, why did you stll use the well-knoownd Eamiliar straciure when working on

thie task?
BN : Because 1 am @ill doubtful about my wark, mo'am:
R ¢ Which one?
BN 5k o= By Im B mmaaam
K T W hoy i yom doubt that the resuli of Sr - 6y ame conlained in R
RN S Heree aind Foaded confsed | | don't Know, makem;

Mole: B = Researcher
From the mterview excerpis with RN, it shows that x and v are elements of a st of real
mimbers, but when & 15 multiplied by 5 and v 35 multiplied by 6, then subtracted, BN is

comifused, This shows that RN s familiar with SSE-2 and not familiar with S5E-3,

From figure 4 abave, which is about DA's answer, it shows that when it is linked to the S5E-2
category, DA recognized the st element W do manipalation and &t shosws thiat the closed
miture was in accordanee with the well-kmawn et but the selectad clement did not represe
the rmdomness sel af elements. 5o, the conclusion is that DA had not Tulfilled the correct
amswer, because the selected real se1 elements did not represent the randomness of the se1 of

elements of real numbers, The following i the mterview excerpt with EYA,

4 : Wohy dad you choose Fath- 1 when you wind o recognice te strucivre of 2 w4 of real nimber?

(LY : Becaaise o that time [ was inspined by provicos cuamgples. ma'am

R 2 Sa, s vear work correct?

DA = I'm sure it's carrect, ma'am.

i What aboua the selof reol number elemems that oo choose !

DA  Dlichi't chenme the elemends, but Timmedialely wrsde thad Sx - 6y contained i B, Ma am.

R Wy are vou sure that Sr - By s conlained inR?

LR : Because i v is real and v s real, then Se— oy mmst be real (0A shoves @ conffdent expresslon |

4 2 I wou mmé sure, why didn’t youn write the clements ©oand poselected ©o represent the
ramdomness of the B elemnent?

A 0h ves, ma'am, sonmy ma'am, Foooson earefiel (£ sfos i regrenial expression §

Male: B = Researcher
From the imerview excerpt from DA subjects, it shows that DA still did not recognize the
strocture of the randomness of set element as a puarantee of the randomness pesull of bingry
operations. The path that the subject expenenced when working on a task was in accordance
with the meaning that the subject was unable 10 constrect the struecture of the =¢l of elements
chasen 1o support the results of bindry operations. This shows that the construction process

carried out by DA was still comect and was fomiliar with S5E-2 and S5E-3.




From the two sobjects. BN and DA, they thought that the path chosen wes to describe the
=ame process, but when they interpreted their thoughis, their answers were different, If we
examine the results of path-1 selection, it illusirates that the subjects of BN and DA sl
depend on well-known structures. BN and DA still show their dependence on well-known
examples or close 10 the form of the problem they would be working on, BN was familiar
with the structure of SSE-2 bui was not Familiar yet with S5E-3, While DA was already
familiar with 85E-2 and S5E-3. however, the selected set of real mumbers were nol writlen

down for reasons of inaccuricy,

b, The investipation of Siruciire Sense Process with Pail-2
15 and DN chose path-2 when responding to the questionnaire . statement related o

recognizing the structure of well-known set elements as presented in the answer below.
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Figure 3, The screenshat of 15 and DMNs answer of the qiestionieaine
(uestionr: T am able fo describe the sirmciure of sef element in the form of o well-
known sivncture, becanse |tk ol e,

15 and DN chose path-2 to describe the structure of the set elements in the form of well-
known structures. They could extruct the strocture of o set of real numbers thet were already
well-known to abstract the definition of a set of real numbers. The results of this guestionnain:

werg elarilzed with the results of the sk work s presented in the figure below,
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Figure B, The Scrcenshod af 1= sunect s answe I Figure 1, e Screenshol of BN swhpescts answer




Figure 6 is about [5" answer. [t shows that the elements tiken ane comrect and in accordance
with the well-known set. Meanwhile, the questionnaire answer on path-2 shows that 15 can
extract well-known striuctural properties of mathematical objects through analogy to construct
unfamiliar structural properties or mathematical ohjects. then 15 can abstroct definitions. After
comparing e two answers af the assignment and the guestionnaire, it was revealed that o
recognize the structure of the number et elements and o absieact the defintion of a set of
well-known real numbers, 1S still depends on well-known examples or siructures as analogy

processes, The following s the interview excerpt with 1S:

T Why dinE your choose Path-2 when voa wand o recogniee the stnecture of o st af real namber?

15 | Beganse | followed the example than § knew. mes'am
s o oo yom thank that your answer 15 commect by followmg the example?
IS Yo, ma'am, (with rodding heed)
R A you sare?
5 s ¥ow, s, ma'nm.
R W didnt vou e use the definition or rules?
15 ¢ L still condused it | innmedinely use the definition, ma'am,
B s Why!
I ¢ I'mn nit confickend, i ¢sstitang |

Mate: B = Ressarcher
From the imterview excerpt, it 15 clarified that the answer of the gquestionnaire and the
assignment wasan line, From the 15" work, it can be seen that IS wrote the answer correstly
and aecorately. because 15 wrote the results of the operation with the information of the
clements of cech variahle contained in the set of Heal numbers appropristely. The choice of
path-2 was in accordance with the answers of the interview, that 15 followed the well-known
examples o answer the guestion without thinking shout definition. Therefore, it is concluded

that 15 was able to recognize S5E-2 and $5E-3 using path-2.

Figure 7 is shout DN's mnswer, DN did not provide any answer. This shows that DN was
unable to answer the guestion. After it was compared to the result of the guestionnaire, DN
still depends on well-known structures or similar examples of assignments. Thus. this subject

shovaed the inability to abstract definitions without adeguate examples or in other words the




subject did not recognize the structural elements in the set of real nombers. The following is

the interview excerpt with DMN:

B LWy did wou choose Path-2 when vou wam o recognize the structare of a seq of real namber?

(i : lalways fodlow the previous examples, mai‘am.

i S Why didn"t you do your aesignment

DM 1 Even though 1 have followed she previcos examples. 'mstill confisesd), nsam

4 : Why! Which part makes you comfused?

] * 'me comfused with the resolis of the opemtion. f s subtracsed bai from mwo differem
virizhles

4 : Do o Krovwe, whhial Kind of set elements are x and !

DM * Resal panmbezrs, me'am

4 21 % amd y one rea] numnders, then of the coeflichent s mudtplied, cowhd yow de that'?

] oby, yes mmsa o, Moo 1 Eneow . matam (Winh apetanistle expressiond

Mute: B = Ressarcher

From the interview excerpt, it is revealed that DN depends on well-known examples without
thinking about the rules that had been defined in the binary operations. Without example, DN
was not able to do the tusk at all. The choice of path-2 s in accordance with the answers of
the interview which shows that DN was unable to recognize the set element structure (or S5E-

2} and unable to recognize non-standand binary operations (or 35E-3).

From the answers of the assignments, both IS and DN chose the same path, but the resolts of
the work were different. 15 wis able to do the assignment correctly and knew the reason for
the answer. Through the process on path-2. [§ was able to recognize the strecture sense of
S5E-2 and S5E-3. On the contrary, DN was unable to do the assignment st all. The results of
the questionnaire and the assignmemnt are appropriate. [t shows that 15 and DM were able to
recognize the strecture sense through the well-known strocture in the examples of appropriate
questions, Thus, DN, without examples, was imable o construct anfamliar struciures, DN
coudd not abstract definitions. This cowld be the cause of the inability o constrect the

structiore senses of S5E-2 and 55E-3.

o The snvestigarion of Steeciure Senve Process with Path-3
The following fipgure shows the answer of SE and SN subjects who use path-3 based on the

result of the questionniine.




B Hagw i i e ak Fming e e b8 Al N g
ditubin oalmm {Bmprof alijmll deegan ook seslaliar, Larom yany sass
kR baiinm in siulah

A e e e

Figurs 8. The sereensho ETTS'E'_ME.SN"; answer of the questionmaire
(hrestivens I oor mbie fo dexeribe e sed element wihiich represeris e wiitfen sef
tn flve form of Tiging syocboly (lenters |, becawse § ok shat ..

The choice of guestionmaire statement options by SE and SN subjects on the path-32 means
that in deseribing the structure of the set elements. they made a list of symbolic farm
(alphabetical letters) o abstract definmions. Thes, SE and SN could construct finite element
st structures from well-known structures and anfumilir stracteres, SE and DN made logical
deduction from well-known defimmons, The results of the questiomnaire were clarified with

the resulis of the work assignment, which can be seen in the following figure,
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Figure 9. The sereenshot of SE's waork

Transtationr: Necanse the Capley foble ras been known, from the guestion , omd
thve wesult al * aperniion of tie K el fars been conirined (n K, o (K, ¥ meeis
the closeed properiy.

Form the SE's work. it shows that all elements hiad been operated, but the choice of the sel
clements al the beginning was not cleardy wntten. The answer was in accordance with the
closed nature of all fne elements of K = {N A, ¥, AT ] but the result of the operation was
not elearly written, 1T i1 is comrelated 1o the SE's choice of path-3, it means that SE could
construet the structure of o limited ser of elements with binary operations defined in the
Cavley table through the definition of its operation. The interpretation of the answers of
questionnaire and sssignments was verified by the resufis of interviews with SE, The

following is the interview excerpt:




TWhy didn't vou ghoosg path-3 when you knew (inite sed elememsT?

: Because the definitien of the sstend the definition of the operatbon are alieady clear, ma‘am,
: Really?

s ¥eah, The definition of se1 elensents nndd binary operstions ane defined in the Coyley tahbe,
FL=HT R

: Fram your work, why didn’L v wnte devwn the set elements ad the beginming of the wark™?
: Linnmediately ook fwo set elements o opernbe, ma',

Wy

¢ Becanise | vhink direct opsesation bas represented the selecied element. malam,

: Wheat about the randomness of all clements of ihe sei?

5E 1 Oh, [ forged 3t ma'sm. frmifing |

Mate: B = Researcher

- R ]
m m

m
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From the answers of the assignments, qucﬂi:mmimﬁ. and interview excerpis, it &5 revealed
that SE, to recognize the structure of the number =2t elements, was oo longer dependent on the
example. SE could abstract the definition to recognize the structure of the set elements with
binary operations detined in the Cavley table. However, from SE's work, be wis unable 1
fully wte the randomness of the =2t of elements and the results of the binary operations
contained in K sel, So, SE was shle o recogmze the-structure sense of S8SE-2 amd SSE-2 by

using path-3.

The next s the screenshot of SN's answer. [t 15 presented in the following figure.
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Figure 13 The screenshab of SM*s wark
Froanstatiour: I hies closed properiies, becanse i can be seen, from the table
that ol mermbers of K ore confaimed in Cayley fable af (K] and the results are
coutivised (n im the aeorbers of K s, 1 Tas olosed properties,

From figure 10 above, it 15 revealed that from SM's work, when it is comelated with the S5E-2
categaory, it can be infemred that SW could describe the selected set of elements and able 1w
make manipulation to show the closed properties. SMN's answer was in accordance with the
well-known set, but the element chosen does not represent the randomness of set elements.
The interpretation of the guestionnaire answer and assignment was verified by the result of

interview with M. The following is the interview excerpt with SN;




R TWhy didd you choose path-3 when you knew the K sl element?

M - Becanse | imamedissely saw the definition of the secand i35 binary operations, mn'am,

34 T Why ibiEn'L o wrige down the element selected For the epertion process?

SN : Beeouse | only see the focud of set elements oo Cavley table as the definitian of binary
CIpTaticns

K W hat about the randomness ol oll elements of the set and the resulls of operbions?

aM 2 Uhowe eperated all elemens of the Boset, ma'am

R + Are you sure that by operating all the elements can guarantee the randommess of all elements
of the set nid the results of operationsT

SN s tsmedingd, 'y ned sure, maam.

Mate: B = Researcher
From the interview excerpl with SN, it is revenled that the results of the assignment was in
accordance with the answer of the questionnaire. SN's answer is coerect, but the coliection of
K elements was nod wrtten at the beginning of the process. 5o, it does not represent yel i
puarantee af the randamness of set of elements of the well-known set, SM had been able
abstepct the definition of binary operations without seeing examples of the same structure, Sa,
the: answer of the questionname was in accordance with the results of the assignment and the
results of the interview . Thus. it can be concluded that the process wsed by SN in recognizing
structural sense was by using path-3. but in fact 8N had not been able o write the structure of
the set elements and the structure of the results of binary operations. IF it is seen from the
interview excerpl, 38 subject was able to recognize the structure sense of S5E-2 and S5E-4

by using path-3, but the work of the subject's tasks his not been able to describe completely.

From the answers of guestionnaire by SE and SN subjects, it is revesled they used the path-3
to recognize the structure senses of S5E-2 and S5E-4 from the characteristics of the third type
of fask. Thus, SE and SN were able to abstruct the definition of K sets and binary operations
to recognize the structure of binary set elements and operations presented in the Cavley tahle.
However, SE and 5N had not been able to describe the stmcture of mathematical properties or
abjects on the sel elements and binary operations completely, 5o, both SE and SN knew the
strocture sense of SSE-2 and S5E-4 through the process of logical dedoction {or wsing path-

3} 5E las a complete description of the msk answer but SN's answer was incomplete,




Discussion

The subject of RN was already familiar with the structure sense of SSE-2 but ot familiar yel
with S8E-3 with the mtroduction process using path- 1, With path- 1, I¥A subjects wias already
familiar with S5E-2 and S5E-3, but the selected set of real oumbers were nod written down
for reasons of insccuracy. The difficulty of BN and DA subjects wsing path-1 shows their
dependence on well-known structures. The dependence of relevant examples can help the

subject in working on the task. but can create cognitive barriers to leaming further material,

a
The difficulty of BN aml DA subjects in osing path-1 corresponds 1o the lack af

understanding of structural ideas in arithmetic (Linchevski & Livach. 1999, Novoni & Hoch,
HH0E: ) which can be shown from BM subjects in carrying out binary operations at 5x — 6y,
EM was unable to wnte down the results of its operatiens, B corresponds 1o the existence of
ald ideas thar are lost in leaming new ideas (Movatd, Sehlikovd, & Hoch, 20063, the results
aof iterviews with BN show that BN was unable 10 remember old ideas of "multiplication of
S5x" and "multiplication of 6y" contained in in o set of real numbers, and the results if its
subtraction are contsined in 8 =01 of real numbers, Thus, BN bas mot been shle 1o TeCOgnize
the structure of the ser elements that are hidden in "5x — 6y" (Hoch & Dreyius, 20041, Sa,
RM still has cogmtive barriers (Oktac, X016) in recognizing SSE-3. Such a situation can
inkerfere the process af constricting or the process of abstracting defimtions i non-standard
binary operations. The progess in path- 1 represemnts the abstraction of specific properies of
one or more mathematical objects’ to form the basis of a new definition of abstract

mathematical objects (Novotnd, Stehlikovi. & Hoch. 2006,

The choice of 15 and BN in using path-2 shows that the steps they ok in recogmzing
unfamiliar structures were ficstly by extracting the structere of the well-Enown =t elements
through analogy, then by abstracting the definitien of the set. IS was able o recognize the

structural sense of S5E-2 and 55E-3, while DN did not work on the task st all for the reason




that the subject was unahle to remember the appropriate examples. DN had & high tendency o

depend on previous examples, so DN wis unable to describe through work assignments.

The process experienced by DN 5 nof able o make transinon & suggested by Simpson &
Stehlikowa (2006) (in Novomd, Stehlikovd, & Hoch, 2006, p. 2449 e, the work starts from
the structure of the sample to work abstractly involving the complicated sequence of the

Follovwing shifis:

a
I, Looking at the elemeants i the set as objects where the operation acts,

2. Looking @t reciprocal relations Eatwe:m elements in the set a5 the consequences af
operations;

3. Looking at the signs used by the teacher in defining abstract structures as abstractiom of
objects and operations, and looking at the names of relationships between signs as names
fior the relationship between objects and operations;

4. Looking at the other scts and operations as cxamples of general structures and as
prooypes of general structures; and

5, Using a formal svstem of symbols and property definitions to obfain consequences and

looking thit the propeity inherent i the thearem is the propeny of all examples.

Subjects who wse path-2 in the process of recogmizing structural sense still rely on examples
af suitable questons. This s also inaccordance with the relationship between the definiaon
and examples such as the explanation of (ktac {2016% that if 2 stodent foceses on the
important qualities in the definition to mest new examples, then it should only focus on the

things that are important. so it can greatly reduce student cognitive tension.

Whereas Simipscn and Stehikovid (2006) suggest using two sample stiuctures as in the
approach of learning Abstract Algebra, ie.. 11 a concept definition is presented, with the aim

that students sec examples as examples that differ from general definitions, or 2) through the




study of the example they sought to achieve generalization. The first approach implics
working at a higher level of abstraction from the start. while the second approach is seen as
being more pedagogical in terms of facilitating student understanding (Skemp, 1971, in

Octac, 308,

The process of recognizing the structure sense of S5E-2 by 3E and SN was by using path-3. 11
means ihat they can describe the applicakility of closed properties to the set {N. X ¥, XY}
with bimary operations defined in the Capley table (a5 & category of structure sense S5E-4)
although the description of the structure. of S5E-2 and S5E-4 ix incomplete in the task work.
Thus, the subjects had wsed a logical deductive thought process: this is in accordance with the
E‘ansliinn 1o advaneed mathematical thinking by simultaneonsly in the conceprualization of a

person’s pre-formed thoughts and pew idess based on defimon and deduction (Novatnd,

Stehlikowi, & Hoch, 2006; Okrac, 2016; Dubinsky et al,, 1997,

SE and SN are able to abstract definitions to recognize unfamilisr structures throegh the
process described by Harel & Tall (1989 which occurs when the subject focuses on certiin
properties of @ given object and then considers these properties separately from the original,
According o Tieowva, (2007 structures that are mot well recognized. the absiriction process
Gy, The mole of logic i the process of abstraction s very necessary for the process of
recognizing mithematical structures (Durand-Cuerier etal., 20015} including the structume
sense in group prerequisite matenial. Wasserman (3014 explains that if o stedent has a good
undenitanding of arithmetic properties. & helps to make algebraic reasoning. Waserman
{2017} alse asserts that the mteraction between arithmetic operations and the extension of a
set of numbers is often & source of structure in their own set. thus. making this knowledge

potentially vseful for conveying ideas in mathematical development.

Furthermore Harel & Tall (1989 provides stages in formal sbstraction that lead 1w

mathematical definitions. vsually for two purposes, te. (a) all arguments applied to the




abstracted propery are also applied to all other examples possessed by the abstracted nature,
=0 the argument.is more general, (b) Atter the abstraction has been made. by focusing on the
abstraction propertics and ignonng the others, the abstrection must involve less cognitive
tension. Harel & Tall (1984} assert that these two factors make formal abstraction a powertul
ol forexpers, because the cognitive recorstruction invalved can cause great difficulties far

students,

Transitions that occur in the process of recognizing the structure of mathematical propertics
or objects in the stages of student thinking that wse at least three paths (Movotnd, Stehlikova,
& Hoch, 2006) are very necessary. Especially, path-1 and path-2 cen help reduce the
cogiitive Ioad of stdents; it can be o recommendation 10 recognize the strecture of
mathematical properties or objects (Okfac. 2006), However, path-3 muost s6ll be mught ar

trained 1o students 10 reduce cognitive burden on further mathe matical material,

RN subject was familiar with the structure of S5E-2 bt did not know S5E-3 yet. While DA
was already Familiar with S5E-2 and S5E-3, however, the randomness of set of real numbers

wis not written down for reasons of inaccuracy.

[5, through the process on path-X, was sble to recognize the structure senses of S5E-2 and
S5E-3. However, DN was unable to do the assignment at all. The results of the guestionnain:
and the results of the assignment are in line. which reveal that IS and DN, 10 recosnize the
strocture sense, were theough the well-known structure in the examples of appropriate
dguestions, Thus, DM, without examples, is unable 1o construct unfamiliar strectures, DN did
nod carry aut the process af absteaction from definitions-at all. This is because of the inability

10 construct the structure zenses of 55E-2 and S5E-3.

Both SE and SN know the structune sense of S5E-2 and S5E-4 by going through the process
af legical deduction {or psing path-37. 5E bas o complete description of the task answer bt

BM s answer s incomplete,




Conclusion

The process of strecture sense through path-1 shows a endency of being able o recognize
unfamiliar stroctures through a well-knewn structure and  assisted with the process of

abstracting definition, even though the pricess of abstraction has not been fully described.

The process of strecture sense through path-2 shows a endency of being able o recognize
unfamiliar structures by extracting well-known structures, then abstract definitions, The
students recopmize the structure sense of SSE-2 and 55E-3 caegories with the help of
examples of the same strociure, but if there is no similar example, the stedents will expenence
cognitive barriers. The case of such students shows incompleteness in recognizing well-
known structures. The fallure of students to recognize the same structure can be attnbted o
the luck of mental structures needed and the construction of objects through the encapsulation

mechanism cannot be schieved properly (Arnom et al., 2004,

The process of structure sense through path-3 shows a tendency 1o recognize both the well-
known and untamiliar structures by means of the process of abstracting definition. The
tendency of subjects in sbstract definitions results in being able to connect the components of
the definition by focusing on the propertics/important things to meet the new structure. This

can help reduce the cognitive tension of students to learn further mathematical material.

Sugpgestions

Since there are several more stages o recopnize the sructure sense in the structure of
mathematical properes/ohiects, il 15 suggested that in order o help reduce the cognitive
burden of stedents, the logical deductive way should be the main thing 1o be introduced 10

stidents in peeparation for learming further mathematical matersal,
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